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Abstract
A new approach to the two-body problem based on the extension of the SL(2,C) group to the Sp(4,C) one is developed. The wave equation
with various forms of including the interaction for the system of the spin-1/2 and spin-0 particles is constructed. For this system, it was found
that the wave equation with a linear confinement potential involved in the non-minimal manner has an oscillator-like form and possesses the exact
solution.
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Relativistic treatment of the two-body problem plays an im-
portant role in particle and nuclear physics. There have been de-
veloped various approaches to this problem because the Bethe–
Salpeter equation [1], derived in the quantum field theory, has
been exceedingly difficult to solve [2]. Among them we have
the relativistic quantum mechanics with constraints [3–5] and
analogous equations obtained from the Bethe–Salpeter equa-
tion [6–8], the Barut method [9,10], and, at last, we may directly
postulate the Lorentz-invariant wave equations [11,12].
It has been proved that the Lorentz SO(1,3) symmetry of
the Minkowski space is locally isomorphic to the symplectic
Sp(2,C) ≡ SL(2,C) symmetry [13]. Recently, the symplectic
extension [14] and also the general complex extension [15] of
the Lorentz group have been the object of detail investigations.
The goal of this work is to develop a new approach to the
relativistic two-body problem, based on the extension of the
Sp(2,C) group to the Sp(4,C) one. In this Letter we restrict
ourselves only to the construction of the wave equation for the
system composed of the spin-1/2 and spin-0 particles. This
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Open access under CC BY license.equation is suitable for the description of baryons as the quark–
diquark systems. Taking into account that the question about
the Lorentz structure of the interquark confinement interaction
is widely discussed in the literature [16,17], we give essential
attention to introducing the confinement potential in various
forms. It has been found that the derived relativistic two-body
equation with the linear confinement potential involved in a
non-minimal manner possesses the exact solution.
The Letter is organized as follows. In Section 2 we outline
the general procedure of the symplectic space–time extension.
In Section 3 we apply above procedure for construction of the
wave equation for the fermion–boson system without interac-
tion. Section 4 is devoted to introducing the interaction in the
minimal manner. In Section 5 we apply the developed technique
of the symplectic space–time extension to introducing the lin-
ear confinement interaction in the non-minimal manner. For this
interaction, we derive the wave equation for the system of spin-
1/2 and spin-0 particles which has an exact solution. Finally,
the results are summarized in the concluding section.
2. Symplectic space–time extension
Let us recall that the symplectic group Sp(2l,C), l  1 is
the group of 2l × 2l matrices with complex elements and de-
terminant equal to one [18,19]. Sp(2l,C) matrices act on 2l-
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ear form which plays the role of “metrics” in the spinor space.
The homogeneous Lorentz group SO(1,3) is covered by
the Sp(2,C) ≡ SL(2,C) group. As a consequence, there ex-
ists one-to-one correspondence between Sp(2,C) Hermitian
spin-tensors of second rank and four-vectors of the Minkowski
space. It means that the space–time position of a relativistic par-
ticle can be parametrized by the Sp(2,C) Hermitian spin-tensor.
From this point of view, the description of a two-particle system
requires a geometrical object composed of at least two Sp(2,C)
Hermitian spin-tensors.
In order to obtain such an object, we extend the Sp(2,C)
group to the Sp(4,C) one. This minimal extension also pre-
serves a non-degenerate antisymmetric bilinear form ηαβ =
−ηβα (α,β = 1,2,3,4) in the fundamental spinor space. Then
the Sp(4,C) Weyl spinors ϕα with lower indices and their com-
plex conjugatives ϕ¯α¯ = (ϕα)∗ are related to spinors with upper
indices by transformations ϕα = ηαβϕβ and ϕ¯α¯ = η∗α¯β¯ ϕ¯β¯ .
As well as in the Sp(2,C) group case, the Sp(4,C) Her-
mitian spin-tensor, Pαα¯ , corresponds to a real vector PM . How-
ever, this vector now belongs to a Minkowski space R16 rather
than to R4. Let us define this correspondence by
(1)Pαα¯ = μMαα¯PM, PM =
1
4
μ˜Mα¯αPαα¯
where μMαα¯ (M = 1–16) are matrices of the basis in the space of
4 × 4 Hermitian matrices and tilde labels the transposed matrix
with uppered spinorial indices. In what follows, the spinorial
indices will be omitted when possible.
To clarify the relationship of the discussed vector space to
the Minkowski space R4, we represent 16 values of the vec-
tor index of PM through 4 × 4 combinations of two indices,
M = (a,m), with both a and m running from 0 to 3. Then the
matrices μM and μ˜N can be chosen in the form
μM ≡ μ(a,m) = Σa ⊗ σm,
(2)μ˜N ≡ μ˜(b,n) = Σ˜b ⊗ σ˜ n,
where explicit expressions for matrices Σa and σm, written in
terms of 2 × 2 unit matrix I and the Pauli matrices τ i , are
Σ0 = Σ˜0 = I, Σ1 = Σ˜1 = τ 1,
Σ2 = −Σ˜2 = τ 2, Σ3 = Σ˜3 = τ 3,
σ 0 = σ˜ 0 = I, σ 1 = −σ˜ 1 = τ 1,
(3)σ 2 = −σ˜ 2 = τ 2, σ 3 = −σ˜ 3 = τ 3.
Now the metrics of the discussed vector space
(4)gMN = 1
4
μMαα¯μ˜
Nα¯α
is reduced to the factorized form
(5)gMN ≡ g(a,m)(b,n) = hˆabhmn
where hmn = diag(1,−1,−1,−1) is the usual Minkowski met-
rics and hˆab = diag(1,1,−1,1) is caused by the group exten-
sion.Since the factorization of the metrics means that the vec-
tor from R16 may be decomposed into four Minkowski four-
vectors, it appears that the wave equation for the two-body
problem may be constructed with the Sp(4,C) momentum spin-
tensor (1).
3. Construction of the wave equation for
the fermion–boson system
In the present Letter we consider a system, consisted of one
Dirac and one Klein–Gordon particle, with the total spin-1/2.
Its wave function can be represented by a Dirac spinor or, al-
ternatively, by two Weyl spinors [20]. Due to the total spin of
the system being equal to 1/2, the wave equation must have the
form of the Dirac-like equation that in terms of Sp(4,C) Weyl
spinors reads
(6)Pαα¯χ¯ α¯ = mϕα, P˜ α¯αϕα = mχ¯α¯
where Pαα¯ is the Sp(4,C) momentum spin-tensor and m is a
mass parameter. Then, since each of spinors ϕα and χ¯ α¯ can be
expanded into two Sp(2,C) Weyl spinors, the proposed wave
equation describes a doublet of spin-1/2 systems.
Further, for elucidating the two-particle interpretation of
Eq. (6), let us consider the structure of the Sp(4,C) momen-
tum spin-tensor. From Eqs. (1) and (2) it follows that
P = μ(a,m)P(a,m)
= Σ0 ⊗ σmwm + Σ1 ⊗ σmpm + Σ2 ⊗ σmum
(7)+ Σ3 ⊗ σmqm
where wm, pm, um and qm are the Minkowski four-momenta.
However, the description of the two-particle system requires
only two four-momenta whereas the Sp(4,C) momentum spin-
tensor corresponds to four four-momenta, collected in a 16-
component vector. Therefore we have to decrease the number
of the independent components of wm, pm, um and qm. For
this, we begin with transforming our equation to the form of
the Klein–Gordon equation. Eliminating χ¯ α¯ from Eq. (6) and
using Eq. (7), we obtain(
P P˜ − m2)ϕ
(8)≡
(
w2 + p2 − u2 + q2 − m2 +
5∑
A=1
γAK
A
)
ϕ = 0,
where w2 = (w0)2 − w2, p2 = (p0)2 − p2, etc., γA are direct
products of the Pauli matrices, and KA are quadratic forms with
respect to the four-momenta.
Because the non-diagonal terms γAKA in Eq. (8) have no
analog in the case of the ordinary Klein–Gordon equation, we
put γAKA = 0 that yields
wp + pw = 0, wq + qw = 0,
up + pu = 0, uq + qu = 0,
(9)
umwn + wnum − unwm − wmun − mnkl(pkql + qlpk) = 0
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The imposed conditions set ten components of wm, pm, um, qm
to be the independent ones.
Now we suggest that these four-momenta are expressed
through the four-momenta, p1m and p2m, of the constituent par-
ticles as follows
wm = 12 (p1m + p2m), pm =
1
2
(p1m − p2m),
(10)um = 0, qm = 0.
Then the only one condition from Eqs. (9) remains non-trivial
that reads
(11)wp + pw ≡ (p21 − p22)/4 = 0.
This equality implies that the total spinor wave function does
not depend on the relative time of the particles.
Further, if we use the wave equation (6) and the condition
(11), we may derive the one-particle Dirac and Klein–Gordon
equations for the constituents of our system. Indeed, with de-
composing the spinor wave functions into the projections
(12)ϕ± = 12
(
1 ± τ 1 ⊗ I)ϕ, χ¯± = 12
(
1 ± τ 1 ⊗ I)χ¯
which are two-component Sp(2,C) Weyl spinors as well,
Eq. (6) reduces to uncoupled sets of equations
(13)p1mσmχ¯+ = mϕ+, p1mσ˜mϕ+ = mχ¯+
and
(14)p2mσmχ¯− = mϕ−, p2mσ˜mϕ− = mχ¯−,
which are the one-particle Dirac equations written in the Weyl
spinor formalism [20]. Then the combination of Eqs. (11), (13)
and (14) yields the one-particle Klein–Gordon equations for
all spinor projections ϕ±, χ¯±. Hence, the total spinor wave
function can be understood as the product of the spinor wave
function of a fermion and the scalar wave function of a spin-0
particle.
Thus, we conclude that the wave equation (6), based on the
symplectic space–time extension and supplemented with the
conditions (9), describes two systems composed of the spin-1/2
and spin-0 particles with equal masses m1 = m2 = m. These
systems differ from each other only in permutation of the parti-
cles.
For describing the fermion–boson system with unequal
masses, we should replace the mass parameter in the right hand
of the wave equation (6) by (m1 +m2)/2+τ 1 ⊗I (m1 −m2)/2,
that will be discussed elsewhere.
4. Potential interaction involved in the minimal manner
Now we intend to include the potential interaction in the pre-
ceding results. A common-used receipt consists in the replace-
ment of the four-momenta of particles in the minimal manner
by the generalized momenta, so that each particle is in an exter-
nal potential of the other.
Upon inserting the substitution
(15)pm1 → πm1 = pm1 − Am1 , pm2 → πm2 = pm2 − Am2into Eqs. (10), the condition (11) transforms into (π21 −π22 )/4 =
0 that must be compatible with the wave equation (6). It means
that the operator π21 − π22 must commute with the operators
acting on the wave functions in Eq. (6). The compatibility is
achieved by taking
(16)π21 − π22 = p21 − p22,
that obviously restricts the shape of the potentials in πm1 and
πm2 . Furthermore, the potentials have to depend on the relative
coordinate x = x1 − x2 only through its transverse with respect
to the total momentum part.
With the generalized momenta, obeying Eq. (16), we can
introduce both the potential interaction described by the time-
component of the Lorentz vector and the confinement one, pro-
posed in the two-particle relativistic quantum mechanics with
constraints [3,4].
It should be mentioned that the confinement interaction may
be involved into the wave equation (6) by means of the scalar
potential (S) through the substitution m → m + S, too.
However, the discussed symplectic space–time extension en-
ables to introduce not only above mentioned types of the poten-
tial interactions but also the ones involved in the non-minimal
manner as in the Dirac oscillator model [21,22].
5. Interaction involved in the non-minimal manner.
A solvable example
As an application of the discussed method, let us consider
the two-body problem for the system of the spin-1/2 and spin-0
particles interacting through the linearly rising confinement po-
tential included in the wave equation in the non-minimal man-
ner, i.e. in another way than the minimal replacement of the
four-momenta of particles by the generalized momenta (15).
This problem, apart from the academic interest as possessing
an exact solution, has the practical importance, being a simple
quark–diquark model for baryons.
In the construction of the wave equation for such a system,
instead of the minimal replacement for the momenta, the inter-
action will be included in the subsidiary momenta qm and um
which are zeroth in the free particles case. To satisfy the condi-
tions (9), we leave the expressions (10) for the total and relative
momenta wm and pm without changes but set for the subsidiary
ones
(17)qm = λx⊥m, um = 12w2 mnklw
n
(
pkql + qlpk)
where x = x1 − x2, which transverse with respect to the total
momentum part is defined as xm⊥ = (hmn − wmwn/w2)xn, and
λ is a constant. Thus, we involve the linear confinement inter-
action in the non-minimal manner.
Supposing the total momentum wm to be conserved, condi-
tions (9) for the momenta wm, pm, um, qm reduce to Eq. (11)
that is compatible with the wave equation (6). The wave equa-
tion with such interaction can be solved exactly. To find a so-
lution, we use the center-of-mass frame in which w = 0. Then
2w0 = E is the total energy and x⊥ = x ≡ x1 − x2 is the in-
terparticle separation. From Eq. (11) it follows that the zeroth
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and the final expression for the momentum spin-tensor (7) be-
comes
(18)P = E
2
I ⊗ I − τ 1 ⊗ τp − λτ 3 ⊗ τx − 2λ
E
τ 2 ⊗ τ l,
where l = x × p is the orbital angular momentum of the relative
motion.
It is easy to verify that the total angular momentum j =
l+ τ/2 and the spin–orbit coupling operator K = τ 2 ⊗ (τ l+ I )
are conserved. Since the latter can be replaced by its eigenval-
ues κ = ±(j + 1/2), Eq. (6) transforms into the oscillator-type
equation for the function ψ = ϕ + χ¯[(
E
2
− 2λκ
E
)2
−
(
m − 2λ
E
τ 2 ⊗ I
)2]
ψ
(19)= [p2 + λ2x2 − λ(2κ + τ 2 ⊗ I)]ψ.
The exact physical solution to this equation written in the
form of the Regge trajectories for the bound states of the
fermion–boson system is
j = E
2
4|λ| −
1
2
−
√
E2
4|λ|
(
4n + 1 − λ|λ|
)
+
(
mE
2λ
− 1
)2
,
κ = +
(
j + 1
2
)
,
j = E
2
4|λ| −
1
2
−
√
E2
4|λ|
(
4n + 3 − λ|λ|
)
+
(
mE
2λ
− 1
)2
,
(20)κ = −
(
j + 1
2
)
,
where n = 0,1,2, . . . is the radial quantum number, and λ =
±|λ| corresponds to the contributions of the spin–orbit terms of
opposite signs.
Since the derived Regge trajectories are nearly linear in the
squared energy and have the same slope in asymptotics, we con-
clude that the obtained equation is reasonable to be considered
as a simplified quark–diquark model for baryons. The descrip-
tion of the baryon spectra within this approach will be published
elsewhere.
6. Summary
A new approach to the two-body problem based on the ex-
tension of the SL(2,C) group to the Sp(4,C) one has beendeveloped. This approach permits us to construct the relativistic
wave equation for the system consisted of spin-1/2 and spin-0
particles, involving the various forms of interaction. For this
system, the exact solution of the wave equation with a linear
confinement potential introduced in the non-minimal manner
is found. Obtained Regge trajectories have the same behavior
as the behavior of the baryonic Regge trajectories that permits
us to consider this wave equation as a simplified quark–diquark
model for baryons. The description of the baryon spectra within
the more realistic quark–diquark model with unequal masses of
constituents and including the confinement interaction in vari-
ous ways will be published elsewhere.
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